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j 〉 ∣∣ 2
≤
C
2
‖f
‖
2
for
all
f
∈
H
.
If
th
e
u
p
p
er
b
ou
n
d
h
old
s
in
th
e
ab
ove
in
equ
ality,th
en
{f
j }
is
said
to
b
e
a
B
essel
sequ
en
ce.
T
w
o
B
essel
sequ
en
ces
{f
j }
an
d
{g
j }
are
said
to
b
e
du
al
fram
es
if
f
=
∑
j∈
N 〈f
,g
j 〉
f
j
for
all
f
∈
H
.
A
t
least
on
e
d
u
al
alw
ays
exists,
it
is
given
by
{S
−
1f
j }
an
d
called
th
e
can
on
ical
d
u
al,
w
h
ere
th
e
fram
e
op
erator
of
{f
j }
is
given
by
S
:
H
→
H
,S
f
=
∑
j∈
N 〈f
,f
j 〉
f
j .
R
ed
u
n
d
ant
fram
es
h
ave
several
d
u
als;
a
d
u
al
w
h
ich
is
n
ot
th
e
can
on
ical
d
u
al
is
called
an
altern
ate
d
u
al.
A
closed
su
b
sp
ace
W
⊂
L
2(
R
)
is
said
to
b
e
M
Z
sh
ift
invariant
if
T
M
z W
⊂
W
for
all
z
∈
Z
.
T
h
e
w
avelet
system
gen
erated
by
Ψ
=
{ψ
1 ,...,ψ
L
},
is
d
efin
ed
as
{ψ
j,k
:
j,k
∈
Z
,ψ
∈
Ψ
}
w
h
ere
ψ
j,k
:=
ψ
(a
j
·−
k
)
≡
D
ja T
k ψ
.
G
iven
a
fram
e
w
avelet
Ψ
,
th
e
space
of
n
egative
dilates
V
(Ψ
)
is:
V
(Ψ
)
=
sp
an ⋃j<
0
W
j (Ψ
),
W
j (Ψ
)
=
sp
an {
ψ
j,k
:
k
∈
Z
,ψ
∈
Ψ }
,
j
∈
Z
.
T
h
e
P
erio
d
o
f
a
F
ram
e
W
avelet
D
e
fi
n
itio
n
1
.
S
u
p
p
ose
th
at
Ψ
=
{ψ
1 ,...,ψ
L
}
⊂
L
2(
R
)
is
a
fram
e
w
avelet
associated
w
ith
an
in
-
teger
d
ilation
factor
a
,
|a
|
≥
2.
T
h
e
period
of
Ψ
is
th
e
sm
allest
integer
p
≥
1
su
ch
th
at
for
all
f
∈
sp
an
{
T
k ψ
:
k
∈
Z
,ψ
∈
Ψ
},
T
pk S
−
1f
=
S
−
1T
pk f
for
all
k
∈
Z
,
w
h
ere
S
is
th
e
fram
e
op
erator
of
th
e
w
avelet
fram
e
gen
erated
by
Ψ
.
If
th
ere
is
n
o
su
ch
p,
w
e
say
th
at
th
e
p
eriod
of
Ψ
is
∞
.

P
ro
p
o
sitio
n
1
([4
]).
L
et
M
∈
N
.
If
Ψ
is
a
fram
e
w
avelet
an
d
the
period
of
Ψ
divides
M
,
then
V
(Ψ
)
is
shift
in
varian
t
by
the
lattice
M
Z
.
In
addition
,
if
Ψ
is
a
R
iesz
w
avelet,
then
the
period
of
Ψ
divides
M
if
an
d
on
ly
if
V
(Ψ
)
is
shift
in
varian
t
by
the
lattice
M
Z
.

T
h
e
can
on
ical
d
u
al
of
Ψ
h
as
th
e
w
avelet
stru
ctu
re
gen
erated
by
|Ψ
|
fu
n
ction
s
if,
an
d
on
ly
if
th
e
p
eriod
of
Ψ
is
on
e.
M
oreover,
w
e
h
ave:
P
ro
p
o
sitio
n
2
([3
]).
S
u
ppose
that
Ψ
=
{ψ
1 ,...,ψ
L
}
⊂
L
2(
R
)
is
a
fram
e
w
avelet.
F
or
an
y
n
on
n
egative
in
teger
M
∈
N
,
the
follow
in
g
statem
en
ts
are
equ
ivalen
t:
(i)
P
(Ψ
)
|
M
,
i.e.,
the
period
of
Ψ
,
den
oted
P
(Ψ
),
divides
M
.
(ii)
T
here
exist
M
L
fu
n
ction
s
Φ
=
{φ
1 ,...,φ
M
L
}
su
ch
that
{D
ja T
M
k φ
}
j,k
∈
Z
,φ
∈
Φ
is
the
can
on
ical
du
al
of
{D
ja T
k ψ
}
j,k
∈
Z
,ψ
∈
Ψ
=
{D
ja T
M
k ψ
}
j,k
∈
Z
,ψ
∈
Ψ
M
,
w
here
Ψ
M
:=
{T
m
ψ
:
m
=
0,...,M
−
1,ψ
∈
Ψ
}
.

H
en
ce,
if
th
e
p
eriod
P
(Ψ
)
of
a
fram
e
w
avelet
Ψ
is
fin
ite,
th
en
th
e
can
on
ical
d
u
al
fram
e
is
a
w
avelet
system
gen
erated
by
P
(Ψ
)
·|Ψ
|
fu
n
ction
s,
an
d
th
is
is
th
e
least
nu
m
b
er
of
gen
erators.
T
h
e
M
ain
T
h
eorem
W
e
w
ill
p
rove
th
e
follw
in
g
exten
sion
of
T
h
eorem
1:
T
h
e
o
re
m
2
.
F
or
all
J
∈
N
,
th
ere
ex
ists
a
fram
e
w
avelet
ψ
∈
L
2(
R
)
su
ch
th
at:
(i)
ψˆ
is
C
∞
an
d
com
p
actly
su
p
p
orted
,
(ii)
its
can
on
ical
d
u
al
fram
e
is
n
ot
a
w
avelet
sy
stem
gen
erated
b
y
few
er
th
an
2
J
fu
n
ction
s,
(iii)
th
ere
are
in
fi
n
itely
m
an
y
ψ˜
su
ch
th
at
ψ
an
d
ψ˜
form
a
p
air
of
d
u
al
w
avelet
fram
es.
P
ro
o
f
(S
k
e
tch
).
F
ix
J
∈
N
.
C
on
stru
ct
a
sm
ooth
fram
e
w
avelet
ψ
=
ψ
0
+
εψ
1
as
in
L
em
m
a
1
an
d
F
igu
re
1
w
ith
N
=
J
+
3
an
d
w
ith
a
sp
ace
of
n
egative
d
ilates
V
(ψ
)
n
ot
sh
ift
invariant
u
n
d
er
M
Z
for
any
M
=
1,2,...,2
J
(see
L
em
m
a
2).
B
y
P
rop
osition
1
th
e
p
eriod
of
su
ch
a
fram
elet
ψ
w
ill
b
e
at
least
2
J
.
T
h
erefore,
by
P
rop
osition
2,
th
e
can
on
ical
d
u
al
is
at
least
gen
erated
by
2
J
fu
n
ction
s.
F
in
ally,
u
se
th
e
ch
aracteristic
equ
ation
s
for
d
u
al
w
avelets
fram
es
to
exp
licitly
sh
ow
th
at
ψ
0
is
an
altern
ate
d
u
al
w
avelet
of
ψ
,
see
F
igu
re
1.

L
e
m
m
a
1
.
F
or
every
N
≥
4
an
d
0
<
δ
<
2
−
N
,
there
exists
a
fram
e
w
avelet
ψ
su
ch
that
ψˆ
∈
C
∞0
(
R
)
an
d
ψˆ
(ξ)
6=
0
⇐
⇒
ξ
∈
(−
1/2,−
1/4)
∪
(1/2,3/4)
(1)
∪ (
−
2
−
N
+
1
−
δ,−
2
−
N
+
δ )
∪ (
2
−
N
−
δ,2
−
N
+
1
+
δ )
ψˆ
(ξ)
=
ψˆ
(ξ
−
1)
6=
0
for
ξ
∈
(1/2,3/4)
.
(2)

P
ro
o
f.
L
et
ψ
0
∈
L
2(
R
)
b
e
a
fram
e
w
avelet
su
ch
th
at
ψˆ
0
∈
C
∞0
(
R
)
an
d
ψˆ
0(ξ)
6=
0
if
an
d
on
ly
if
ξ
∈
(−
2
−
N
+
1
−
δ,−
2
−
N
+
δ)
∪
(2
−
N
−
δ,2
−
N
+
1
+
δ),
w
h
ere
N
≥
4
an
d
0
<
δ
<
2
−
N
as
in
th
e
assu
m
p
tion
.
L
et
ψ
1
∈
L
2(
R
)
b
e
su
ch
th
at
ψˆ
1
∈
C
∞0
(
R
)
h
as
su
p
p
ort
in
[−
1/2,−
1,4]∪
[1/2,3/4]
an
d
ψˆ
1(ξ)
=
ψˆ
1(ξ
−
1)
6=
0
w
h
en
ever
ξ
∈
(1/2,3/4).
F
or
any
su
ch
ψ
1
∈
L
2(
R
)
th
e
sequ
en
ce
{D
jT
k ψ
1}
gen
erates
a
B
essel
sequ
en
ce.
D
efin
e
ψ
∈
L
2(
R
)
by
ψ
=
ψ
0
+
εψ
1,
w
h
ere
εψ
1
acts
as
a
p
ertu
rb
ation
on
th
e
w
avelet
fram
e
gen
erated
by
ψ
0
an
d
en
su
res
th
at
ψ
satisfies
(2),
see
also
F
igu
re
1.
T
h
e
fu
n
ction
εψ
1
gen
erates
a
B
essel
sequ
en
ce,
h
en
ce,
for
su
ffi
ciently
sm
all
ε
>
0,
th
e
fu
n
ction
ψ
gen
erates
a
w
avelet
fram
e.

34
12
1ε
ξ
−
1
2
N
14
1
2
N
2
2
N
ε
ψˆ
1
−
2
2
N
ε
ψˆ
1
−
12
−
14
ψˆ
0
ψˆ
0
F
ig
u
re
1
:
S
ketch
of
th
e
grap
h
of
ψˆ
=
ψˆ
0
+
εψˆ
1;
ψ
an
d
ψ
0
are
(altern
ate)
d
u
als.
L
e
m
m
a
2
.
S
u
ppose
that
a
fu
n
ction
ψ
∈
L
2(
R
)
satisfi
es
(1)
an
d
(2)
for
som
e
N
≥
4
an
d
0
<
δ
<
2
−
N
.
T
hen
the
space
of
n
egative
dilates
V
(ψ
)
is
n
o
t
p
Z
-S
I
for
an
y
p
<
2
N
−
3,
p
∈
N
.

P
ro
o
f
(S
k
e
tch
).
U
se
th
at
V
(ψ
)
=
sp
an ⋃
j<
0
W
j (ψ
),
th
at
f
∈
W
0 (ψ
)
if
an
d
on
ly
if
f
(2
j·)
∈
W
j (ψ
),
an
d
th
at
th
e
p
ricip
al
sh
ift-invariant
su
b
sp
ace
W
0 (ψ
)
can
b
e
d
escrib
ed
as
W
0 (ψ
)
=
{f
∈
L
2(
R
)
:
fˆ
=
ψˆ
m
for
som
e
m
easu
rab
le,
1-p
eriod
ic
m
}.
N
ote
th
at
f
∈
V
(ψ
)
if
su
p
p
fˆ
⊂
[−
2
−
N
,2
−
N
].
S
h
ow
th
at
T
p f
/∈
V
(ψ
)
for
p
<
2
N
−
3
an
d
fˆ
=
χ
[2
−
N
+
2,3/2·2
−
N
+
2]∪
[−
2
−
N
+
2,−
1/2·2
−
N
+
2]
∈
Vˆ
(ψ
).
S
ee
[3,
L
em
m
a
2]
for
th
e
tech
n
ical
d
etails.

T
h
e
R
esu
lt
in
A
n
o
th
er
P
ersp
ective
A
u
sch
er
[1]
p
roved
th
at
every
“regu
lar”
orth
on
orm
al
w
avelet
ψ
∈
L
2(
R
)
is
associated
w
ith
an
M
R
A
.
“R
egu
lar”
m
ean
s
th
at
|ψˆ
|
is
continu
ou
s
an
d
ψˆ
(ξ)
=
O
(|ξ| −
1/2−
δ)
as
|ξ|
→
∞
for
som
e
δ
>
0.
T
h
is
fact
d
oes
n
ot
h
old
for
tight
fram
e
w
avelets.
In
fact,
B
aggett
et
al.
[2]
con
stru
cted
a
n
on
-M
R
A
C
r
tight
fram
e
w
avelet
w
ith
rap
id
d
ecay
for
any
r
∈
N
.
O
n
ce
w
e
allow
n
on
-tight
fram
e
w
avelets
w
e
m
ight
lose
even
th
e
G
M
R
A
p
rop
erty.
In
d
eed
,
th
e
fram
e
w
avelet
from
T
h
eorem
2
is
an
exam
p
le
of
a
n
on
-G
M
R
A
C
∞
fram
e
w
avelet
w
ith
rap
id
d
ecay.
R
e
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r
e
n
c
e
s
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